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NON-CONTRACTIBLE CONFIGURATION SPACES
CESAR A. IPANAQUE ZAPATA
Abstract. Let F (M,k) be the configuration space of ordered k−tuples of
distinct points in the manifold M . Using the Fadell-Neuwirth fibration, we
prove that the configuration spaces F (M,k) are never contractible, for k ≥ 2.
As applications of our results, we will calculate the LS category and topological
complexity for its loop space and suspension.
1. Introduction
Let X be the space of all possible configurations or states of a mechanical system.
A motion planning algorithm on X is a function which assigns to any pair of
configurations (A,B) ∈ X×X, an initial state A and a desired state B, a continuous
motion of the system starting at the initial state A and ending at the desired state
B. The elementary problem of robotics, the motion planning problem, consists of
finding a motion planning algorithm for a given mechanical system. The motion
planning algorithm should be continuous, that is, it depends continuously on the
pair of points (A,B). Absence of continuity will result in the instability of behavior
of the motion planning. Unfortunately, a continuous motion planning on space
X exists if and only if X is contractible, see [10]. The design of effective motion
planning algorithms is one of the challenges of modern robotics, see, for example
Latombe [18] and LaValle [19].
Investigation of the problem of simultaneous motion planning without collisions
for k robots in a topological manifold M leads one to study the (ordered) config-
uration space F (M,k). We want to know if exists a continuous motion planning
algorithm on the space F (M,k). Thus, an interesting question is whether F (M,k)
is contractible.
It seems likely that the configuration space F (M,k) is not contractible for certain
topological manifolds M . Evidence for this statement is given in the work of F.
Cohen and S. Gitler, in [4], they described the homology of loop spaces of the
configuration space F (M,k) whose results showed that this homology is non trivial.
In a robotics setting, the (collision-free) motion planning problem is challenging
since it is not known an effective motion planning algorithm, see [20].
In this paper, using the Fadell-Neuwirth fibration, we will prove that the config-
uration spaces F (M,k) of certain topological manifolds M , are never contractible
(see Theorem 2.1). Note that the configuration space F (X, k) can be contractible,
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for any k ≥ 1 (e.g. if X is an infinite indiscrete space or if X = R∞). As applica-
tions of our results, we will calculate the LS category and topological complexity for
the (pointed) loop space ΩF (M,k) (see Theorem 4.7) and the suspension ΣF (M,k)
(see Theorem 4.11 and Proposition 4.17).
Conjecture 1.1. If X is a path-connected and paracompact topological space with
covering dimension 1 ≤ dim(X) < ∞. Then the configuration spaces F (X, k) are
never contractible, for k ≥ 2.
Computation of LS category and topological complexity of the configuration
space F (M,k) is a great challenge. The LS category of the configuration space
F (Rm, k) has been computed by Roth in [21]. In Farber and Grant’s work [11], the
authors computed the TC of the configuration space F (Rm, k). Farber, Grant and
Yuzvinsky determined the topological complexity of F (Rm −Qr, k) for m = 2, 3 in
[12]. Later González and Grant extended the results to all dimensions m in [15].
Cohen and Farber in [2] computed the topological complexity of the configuration
space F (Σg−Qr, k) of orientable surfaces Σg. Recently in [24], the author computed
the LS category and TC of the configuration space F (CPm, 2). The LS category
and TC of the configuration space of ordered 2−tuples of distinct points in G×Rn
has been computed by the author in [25]. Many more related results can be found
in the recent survey papers [1] and [9].
2. Main Results
LetM denote a connectedm−dimensional topological manifold (without bound-
ary), m ≥ 1. The configuration space F (M,k), of ordered k−tuples of distinct
points in M (see [8]) is the subspace of Mk given by
F (M,k) = {(m1, . . . ,mk) ∈Mk| mi 6= mj for all i 6= j}.
Let Qr = {q1, . . . , qr} denote a set of r distinct points of M .
Let M be a connected finite dimensional topological manifold (without bound-
ary) with dimension at least 2 and k > r ≥ 1. It is well known that the projection
map
(2.1) pik,r : F (M,k) −→ F (M, r), (x1, . . . , xk) 7→ (x1, . . . , xr)
is a fibration with fibre F (M −Qr, k− r). It is called the Fadell-Neuwirth fibration
[6]. In contrast, when the manifold M has nonempty boundary, pik,r is not a
fibration. The fact that the map pik,r is not a fibration may be seen by considering,
for example, the manifoldM = D2 that is with boundary but the fibre D2−{(0, 0)}
is not homotopy equivalent to the fibre D2 − {(1, 0)}.
Let X be a space, with base-point x0. The pointed loop space is denoted by
ΩX, as its base-point, if it needs one, we take the function w0 constant at x0. We
recall that a topological space X is weak-contractible if all homotopy groups of X
are trivial, that is, pin(X,x0) = 0 for all n ≥ 0 and all choices of base point x0.
In this paper, using the Fadell-Neuwirth fibration, we prove the following theorem
Theorem 2.1. [Main Theorem] If M is a connected finite dimensional topological
manifold, then the configuration space F (M,k) is not contractible (indeed, it is
never weak-contractible), for any k ≥ 2.
Remark 2.2. Theorem 2.1 can be proved using classifying spaces. I am very
grateful to Prof. Nick Kuhn for his suggestion about the following proof. Let
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M be a connected finite dimensional topological manifold. If the configuration
space F (M,k) was contractible, then the quotient F (M,k)/Sk would be a finite
dimensional model for the classifying space of the kth symmetric group Sk. But if
G is a nontrivial finite group or even just contains any nontrivial elements of finite
order, then there is no finite dimensional model for BG because H∗(G) is periodic.
Thus F (M,k) is never contractible for k ≥ 2.
3. PROOF of Theorem 2.1
The proof of Theorem 2.1 is greatly simplified by actually working on two main
steps:
S1. We first get the Theorem 2.1 when pi1(M) = 0 (Proposition 3.5).
S2. Then we prove the Theorem 2.1 when pi1(M) 6= 0 (It follows from Lemma
3.6).
Here we note that the manifolds being considered are without boundary.
Step S1 above is accomplished proving the next four results.
Lemma 3.1. Let M denote a connected m−dimensional topological manifold, m ≥
2. If r ≥ 1, then the configuration space F (M −Qr, k) is not contractible (indeed,
it is not weak-contractible), ∀k ≥ 2.
Proof. Recall that if p : E −→ B is the projection map in a fibration with inclusion
of the fibre i : F −→ E such that p supports a cross-section σ, then (1) piq(E) ∼=
piq(F )⊕ piq(B), ∀q ≥ 2 and (2) pi1(E) ∼= pi1(F )o pi1(B).
If r ≥ 1, then the first coordinate projection map pi : F (M −Qr, k) −→M −Qr
is a fibration with fibre F (M −Qr+1, k − 1) and pi admits a section ([8], Theorem
1). Thus (1) piq(F (M − Qr, k)) ∼=
⊕k−1
i=0 piq(M − Qr+i), ∀q ≥ 2 ([8], Theorem 2)
and (2) pi1(F (M −Qr, k)) is isomorphic to
((· · · (pi1(M −Qr+k−1)o pi1(M −Qr+k−2)) · · · )o pi1(M −Qr+1))o pi1(M −Qr).
Finally, notice thatM−Qr+k−1 is homotopy equivalent to
∨r+k−2
i=1 Sm−1∨ (M−
V ), where V is an open m−ball in M such that Qr+k−1 ⊂ V ([7], Proposition
3.1). Thus M − Qr+k−1 is not weak contractible, therefore F (M − Qr, k) is not
weak-contractible.

Lemma 3.2. If M is a simply-connected finite dimensional topological manifold
which is not weak-contractible, then the singular homology (with coefficients in a
field K) of ΩM does not vanish in sufficiently large degrees.
Proof. By contradiction, we will suppose the singular homology of ΩM vanishes
in sufficiently large degrees, that is, there exists an integer q0 ≥ 1 such that,
Hq(ΩM ;K) = 0,∀q ≥ q0, where K is a field. Let f denote a nonzero homology
class of maximal degree in H∗(ΩM ;K). As M is finite dimensional and not weak-
contractible, let b denote a nonzero homology class in H˜∗(M ;K) of maximal degree
(here H˜∗(−;K) denote reduced singular homology, with coefficients in a field K).
Notice that b⊗ f survives to give a non-trivial class in the Serre spectral sequence
abutting to H∗(P (M,x0);K), since M is simply-connected, the local coefficient
system H∗(ΩM ;K) is trivial, where
P (M,x0) = {γ ∈ PM | γ(0) = x0},
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it is contractible. This is a contradiction and so the singular homology of ΩM does
not vanish in sufficiently large degrees. 
Proposition 3.3. If M is a simply-connected topological manifold which is not
weak-contractible with dimension at least 2, then the configuration space F (M,k)
is not contractible (indeed, it is never weak-contractible), ∀k ≥ 2.
Proof. By hypothesis, M is a connected finite dimensional topological manifold of
dimension at least 2. Consequently, there is a fibration F (M,k) −→ M with fibre
F (M −Q1, k − 1) (k ≥ 2). We just have to note that in sufficiently large degrees,
the singular homology, with coefficients in a field K, of F (M −Q1, k− 1) vanishes,
since F (M −Q1, k − 1) is a connected finite dimensional topological manifold.
On the other hand, if F (M,k) were weak-contractible, then the pointed loop
space of M is weakly homotopy equivalent to F (M −Q1, k− 1) which it cannot be
by Lemma 3.2. Thus, the configuration space F (M,k) is not weak-contractible. 
Proposition 3.4. IfM is a topological manifold which is weak-contractible with di-
mension at least 2, then the configuration space F (M,k) is not contractible (indeed,
it is never weak-contractible), ∀k ≥ 2.
Proof. By the homotopy long exact sequence of the fibration F (M,k) −→M with
fibre F (M − Q1, k − 1), we can conclude the inclusion i : F (M − Q1, k − 1) ↪→
F (M,k) is a weak homotopy equivalence. If k ≥ 3, then Lemma 3.1 implies that
F (M −Q1, k−1) is not weak contractible and so F (M,k) is not weak contractible.
If k = 2, we consider the cover M = A ∪ B, A = M − {q}, B = M − {q′}, q, q′
distinct. Here we note that A = M − {q} and B = M − {q′} are homeomorphic to
M −Q1 and A ∩B = M − {q, q′} is not weak-contractible, because M − {q, q′} is
homotopy equivalent to the wedge Sm−1 ∨ (M −V ), where V is an open m−ball in
M such that {q, q′} ⊂ V ([7], Proposition 3.1). Thus, the Mayer-Vietoris sequence,
for the given cover, implies M −Q1 is not weak contractible and so F (M, 2) is not
weak contractible. Therefore, F (M,k) is not weak-contractible.

By Propositions 3.3 and 3.4 we have the following statement.
Proposition 3.5. If M is a simply-connected topological manifold with dimension
at least 2, then the configuration space F (M,k) is not contractible (indeed, it is
never weak-contractible), ∀k ≥ 2.
A key ingredient for step S2 is given by the next result.
Lemma 3.6. If M is a connected finite dimensional topological manifold with di-
mension at least 2, then the inclusion map i : F (M,k) −→ Mk induces a homo-
morphism i∗ : pi1F (M,k) −→ pi1Mk which is surjective.
Proof. We will prove it by induction on k. We just have to note that the inclusion
map j : M − Qk −→ M induces an epimorphism j∗ : pi1(M − Qk) −→ pi1M , for
any k ≥ 1. The following diagram of fibrations (see Figure 1) is commutative.
Thus by induction, we can conclude the inclusion map i : F (M,k) −→Mk induces
a homomorphism i∗ : pi1F (M,k) −→ pi1Mk which is surjective and so we are
done. 
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M −Qk−1 F (M,k) F (M,k− 1)
M M k M k−1
j i i
πk,k−1
πk,k−1
Figure 1. Commutative diagram.
Remark 3.7. Lemma 3.6 is actually a very special case of a general theorem of
Golasiński, Gonçalves and Guaschi in ([13], Theorem 3.2). Also, it can be proved
using braids ([14], Lemma 1).
Proof of Theorem 2.1. The case dim M = 1 is straightforward, so we assume that
dim M ≥ 2. If pi1(M) = 0 then the result follows easily from the Proposition 3.5.
If pi1(M) 6= 0 then pi1(Mk) 6= 0 and by Lemma 3.6
i∗ : pi1(F (M,k)) −→ pi1(Mk)
is an epimorphism. Thus pi1(F (M,k)) 6= 0 and F (M,k) is not weak contractible.
Therefore, F (M,k) is not contractible.

4. Lusternik-Schnirelmann category and topological complexity
As applications of our results, in this section, we will calculate the L-S cate-
gory and topological complexity for the (pointed) loop space ΩF (M,k) and the
suspension ΣF (M,k).
Here we follow a definition of category, one greater than category given in [5].
Definition 4.1. We say that the Lusternik-Schnirelmann category or category of
a topological space X, denoted cat(X), is the least integer m such that X can be
covered with m open sets, which are all contractible within X. If no such m exists
we will set cat(X) =∞.
Let PX denote the space of all continuous paths γ : [0, 1] −→ X in X and
pi : PX −→ X ×X denotes the map associating to any path γ ∈ PX the pair of
its initial and end points pi(γ) = (γ(0), γ(1)). Equip the path space PX with the
compact-open topology.
Definition 4.2. [10] The topological complexity of a path-connected space X, de-
noted by TC(X), is the least integer m such that the Cartesian product X×X can
be covered with m open subsets Ui,
X ×X = U1 ∪ U2 ∪ · · · ∪ Um
such that for any i = 1, 2, . . . ,m there exists a continuous function si : Ui −→ PX,
pi ◦ si = id over Ui. If no such m exists we will set TC(X) =∞.
Remark 4.3. For all path connected spaces X, the basic inequality that relate cat
and TC is
(4.1) cat(X) ≤ TC(X).
On the other hand, by ([10], Theorem 5), for all path connected paracompact
spaces X, TC(X) ≤ 2cat(X) − 1. It follows from the Definition 4.1 that we have
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cat(X) = 1 if and only if X is contractible. It is also easy to show that TC(X) = 1
if and only if X is contractible.
By Remark 4.3 and Theorem 2.1, we obtain the following statement.
Proposition 4.4. IfM is a connected finite dimensional topological manifold, then
the Lusternik-Schnirelmann category and the topological complexity of F (M,k) are
at least 2, ∀k ≥ 2.
Proposition 4.5 and Lemma 4.6 we state in this section are known, they can be
found in the paper by Frederick R. Cohen [3]. Here Ωj0X denotes the component
of the constant map in the jth pointed loop space of X.
Proposition 4.5. ([3], Theorem 1) If X is a simply-connected finite complex which
is not contractible, then the Lusternik-Schnirelmann category of Ωj0X is infinite for
j ≥ 1.
Lemma 4.6. Let M be a simply-connected finite dimensional topological manifold
with dimension at least 3. If M has the homotopy type of a finite CW complex,
then the configuration space F (M,k) has the homotopy type of a finite CW complex,
∀k ≥ 1.
As a consequence of Theorem 2.1 we can obtain Proposition 4.5 for configuration
spaces.
Theorem 4.7. Let M be a space which has the homotopy type of a finite CW
complex. If M is a simply-connected finite dimensional topological manifold with
dimension at least 3, then the Lusternik-Schnirelmann category and the topological
complexity of Ωj0F (M,k) are infinite, ∀k ≥ 2, j ≥ 1.
Proof. The assumptions thatM is a simply-connected finite dimensional topological
manifold with dimension at least 3, imply the configuration space F (M,k) is simply-
connected. Furthermore, as M has the homotopy type of a finite CW complex, the
configuration space F (M,k) also has the homotopy type of a finite CW complex by
Lemma 4.6. Finally the configuration space F (M,k) is not contractible by Theorem
2.1. Therefore we can apply Proposition 4.5 and conclude that the Lusternik-
Schnirelmann category of Ωj0F (M,k) is infinite, ∀k ≥ 2. Moreover, by Remark 4.3,
the topological complexity of Ωj0F (M,k) is also infinite, ∀k ≥ 2. 
Remark 4.8. (1) In Theorem 4.7, the assumptionM has the homotopy type of
a finite CW complex can be reduce to the assumption M is a CW complex
of finite type (see [22]).
(2) By Theorem 4.7, if G is a simply-connected finite dimensional Lie group
of finite type with dimension at least 3. Then the topological complexity
TC(ΩF (G, k)) = ∞, for any k ≥ 2. In contrast, we will see that the
topological complexity TC(ΣF (G, k)) = 3 <∞, for any k ≥ 3.
Remark 4.9. If X is any topological space and ΣX :=
X × [0, 1]
X × {0} ∪X × {1} is the
non-reduced suspension of the space X, it is well-known that cat(ΣX) ≤ 2. We
can cover ΣX by two overlapping open sets (e.g, q(X× [0, 3/4) and q(X× (1/4, 1]),
where q : X × [0, 1] −→ ΣX is the projection map), such that each open set is
homeomorphic to the cone CX :=
X × [0, 1]
X × {0} , so is contractible in itself and thus it
is contractible in the suspension ΣX.
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Lemma 4.10. Let X be a simply-connected topological space. If X is not weak-
contractible, then
(4.2) cat(ΣX) = 2.
Proof. It is sufficient to prove that ΣX is not weak-contractible and thus cat(ΣX) ≥
2. Since contractible implies weak-contractible. If ΣX was weak-contractible then
by the Mayer-Vietoris sequence for the open covering ΣX = q(X× [0, 3/4)∪ q(X×
(1/4, 1]) we can conclude Hq(X;Z) = 0,∀q ≥ 1. Thus by ([17], Corollary 4.33)
X is weak-contractible (here we have used that X is simply-connected1). It is a
contradiction with the hypothesis. Therefore ΣX is not weak-contractible. 
Theorem 4.11. If M is a simply-connected finite dimensional topological manifold
with dimension at least 3, then
(4.3) cat(ΣF (M,k)) = 2,∀k ≥ 2.
Proof. The argumentsM is a simply-connected finite dimensional topological man-
ifold with dimension at least 3, imply the configuration space F (M,k) is simply-
connected. The configuration space F (M,k) is not weak-contractible by Theorem
3.1. Therefore we can apply Lemma 4.10 and the Lusternik-Schnirelmann category
of ΣF (M,k)) is two, ∀k ≥ 2. 
We note that ΣF (M,k) is paracompact because F (M,k) is paracompact.
Corollary 4.12. IfM is a simply-connected finite dimensional topological manifold
with dimension at least 3, then
(4.4) 2 ≤ TC(ΣF (M,k)) ≤ 3,∀k ≥ 2.
Proof. It follows from Remark 4.3 and Proposition 4.11. 
Remark 4.13. By Corollary 4.17 the topological complexity of the suspension of a
configuration space is secluded in the range 2 ≤ TC(ΣF (M,k)) ≤ 3 and any value
in between can be taken (e.g. if M = Sm or Rm and k = 2).
Now we will recall the definition of the cup-length.
Definition 4.14. [5] Let R be a commutative ring with unit and X be a topological
space. The cup-length of X, denote cupR(X), is the least integer n such that all
(n+ 1)−fold cup products vanish in the reduced cohomology H˜?(X;R).
Remark 4.15. ([5], Theorem 1.5) Let R be a commutative ring with unit and X
be a topological space. It is well-known that
1 + cupR(X) ≤ cat(X).
On the other hand, it is easy to verify that the cup-length has the property listed
below.
Lemma 4.16. Let K be a field and X,Y be topological spaces. Then if Hk(Y ;K)
is a finite dimensional K−vector space for all k ≥ 0. We have
cupK(X × Y ) ≥ cupK(X) + cupK(Y ).
1By Hatcher ([17], Example 2.38) there exists nonsimply-connected acyclic spaces.
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Proposition 4.17. If G is a simply-connected finite dimensional Lie group of finite
type with dimension at least 3. Then
(4.5) TC(ΣF (G, k)) = 3,∀k ≥ 3.
Proof. We will assume that G is not contractible, the case G is contractible follows
easily because F (G, k) is homotopy equivalent to F (Rd, k), where d = dim(G) (see
[23], pg. 118). By Corollary 4.17 it is sufficient to prove that TC(ΣF (G, k)) 6= 2.
If TC(ΣF (G, k)) = 2 then, by ([16], Theorem 1), we have ΣF (G, k) is homotopy
equivalent to some (odd-dimensional) sphere. Then F (G, k) is homotopy equivalent
to some (even-dimensional) sphere and thus cat(F (G, k)) = 2. On the other hand,
F (G, k) is homeomorphic to the product G × F (G − {e}, k − 1) because G is a
topological group. Then 2 = cat(G×F (G−{e}, k−1)) ≥ cupK(G×F (G−{e}, k−
1)) + 1 for any field K (see Remark 4.15). Furthermore, Lemma 4.16 implies that
cupK(G × F (G − {e}, k − 1)) ≥ cupK(G) + cupK(F (G − {e}, k − 1)) ≥ 1 + 1 =
2 (here we note that k − 1 ≥ 2 and by Theorem 2.1 we have the cup length
cupK(F (G− {e}, k − 1)) ≥ 1). Thus, 2 = cat(G× F (G− {e}, k − 1)) ≥ 3 which is
a contradiction.

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